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Abstract-The emplacement of a strong heat source, such as a high-level nuclear waste package, in a 
partially saturated permeable medium will give rise to the development of a heat pipe. The present paper 
analyzes a simplified version of this problem that has a steady state solution, for radial geometry. The 
solution is obtained in semianalytical form, and is compared to the analogous solution for a linear heat 
pipe. Various applications are presented for porous as well as for fractured-porous media with different 
hydrologic properties. The parameters determining heat-pipe length and the question of whether the 
vicinity of the heat source dries up are discussed. The semianalytical solution is verified by numerical 
simulations that show the transient evolution from uniform initial conditions to the eventual steady state. 

INTRODUCTION 

HEAT PIPES are being widely applied in engineered 
heat-transfer systems, and various aspects of their 
behavior have been studied by many workers. The 
basic ingredients of a heat pipe are (1) a volatile fluid, 
and (2) a mechanism by which liquid and gas phases 
can flow in opposite directions. If heat is injected into 
such a system, the liquid phase will vaporize, causing 
pressurization of the gas phase and gas-phase flow 
away from the heat source. The vapor condenses in 
cooler regions away from the heat source, depositing 
its latent heat of vaporization there. This sets up a 
saturation profile, with liquid-phase saturations 
increasing away from the heat source. In engineered 
heat pipes incorporating porous media backflow of 
the liquid phase towards the heat source is effected by 
capillary forces. If noncondensible gases are present, 
they flow with the vapor away from the heat source 
and become concentrated in cooler regions. Heat 
pipes occur naturally on a large scale (kilometers) in 
a rare type of hydrothermal convection system known 
as vapor-dominated geothermal reservoirs [l-3]. In 
these systems a deep heat source of magmatic origin 
vaporizes water present in fractured porous rocks. 
The vapor rises in the fractures, and condenses at 
shallower depths on the cooler rock surfaces. The 
liquid condensate then flows back towards the heat 
source simply by the gravitational force. Effective heat 
conductivity in these systems can be several hundred 
W m-’ “C-l, whereas heat conductivity of rocks is 
typically l-3 W m-’ “C-l. 

Several workers have developed analytical and 
semianalytical solutions for the steady state behavior 
of one-dimensional heat pipes in homogeneous 
porous media, in conjunction with laboratory experi- 

ments [4-81. All the formulations assume a linear one- 
dimensional geometry, and some include gravity. 

In this paper we study a problem that arises in the 
context of nuclear waste isolation, namely, a heat 
pipe in one-dimensional radial (cylindrical) geometry. 
Numerical simulation studies by Pruess et al. [9] have 
shown that strong heat pipes can evolve near high- 
level nuclear waste packages buried in a partially satu- 
rated permeable material. This is of great practical 
significance, as it may have dramatic impacts on the 
waste package environment and design criteria (tem- 
peratures, presence or absence of moisture and air). 
The conditions that may be attained at some time 
following high-level waste emplacement are sche- 
matically depicted in Fig. 1. The waste package may 

Undisturbed Zone 

FIG. 1. Schematic of heat-transfer regimes in plane per- 
pendicular to the axis of the waste packages (not to scale). 
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NOMENCLATURE 

dimensionless capillary pressure. P,,,I:P,, T temperature [“C] 
derivative of f with respect to S X0 heat-pipe length in linear geometry [m] 

.9 gravitational acceleration [m SC’] Y air mole fraction. 

h,, vaporization enthalpy [J kg-‘] 
K thermal conductivity [W m ’ K- ‘] Greek symbols 
k intrinsic permeability [m’] B ratio of kinematic viscosity for liquid and 

k, relative permeability vapor 
ti mass flow rate per unit area [kg~-‘rn--~] 6 dimensionless distance, equation (Al 1) 
P gas pressure [Pa] I parameter in characteristic curves 

P, partial pressure of air [Pa] V kinematic viscosity [m’s_‘] 

P, partial pressure of vapor [Pa] P density [kg m .-3] 

P, liquid pressure [Pa] vapor-liquid interfacial tension [N mm. ‘1 
P rag capillary pressure, PI - P, [Pa] i porosity 
P 

PZ 

reference capillary pressure [Pa] J/ function governing heat-pipe length 
saturation pressure [Pa] 0 dimensionless heat source strength, 

Q heat source strength [W m- ’ ] equation (A12). 

4 heat flux, Q/&-n in radial geometry 
[W m-‘] Subscripts 

R gas constant for water, 461.52 J kg- ’ Ku ’ air 

Lfr 
radial distance [ml : outer boundary of system 
radial mesh spacing [m] waste canister 

AY heat-pipe length [m] f fracture 

S, liquid saturation g gaseous phase 

& irreducible liquid saturation inner boundary of heat pipe 

s,, saturation at which liquid becomes fuhy t liquid phase 
mobile 0 outer boundary of heat pipe 

S scaled liquid saturation, V vapor. 

(S, - S,,)/(& - S,,) 

be surrounded by a dried zone, in which heat transfer 
occurs primarily by conduction. At larger distances a 
heat-pipe region may be present, beyond which there 
is another zone with predominantly conductive heat 
transfer, where temperatures are too low for sig- 
nificant evaporation and heat-pipe effects to occur. 
Depending on the properties of the permeable 
medium and the rate of heat input, the heat-pipe 
region can extend all the way to the heat source, or it 
can be extremely short. 

For the problem of geologic disposal of high-level 
nuclear waste, heat-pipe conditions will be of a tran- 
sient nature, as heat is transferred from a localized 
source at a time-varying rate into a large (essentially 
infinite) rock mass. The probldm addressed in this 
paper has been simplified by assuming that (1) the 
rate of heat generation is constant, independent of 
time ; and (2) time-independent boundary conditions 
are posed at a finite distance from the heat source. 
With these two simplifi~dtions the system will attain 
steady state conditions, for which an approximate 
semianalytical solution can be obtained. Additional 
approximations will be introduced during the theor- 
etical formulation below. The approximations made 
in the derivation of the semianalytical solution are 
discussed and are found to be applicable only when 

the permeability of the medium is low. However, our 
solution will be useful for verifying complex numerical 
simulators even under conditions where certain 
approximations, such as neglect of gravity effects, are 
not justified. After showing several examples of the 
semianalytical solution for different geological con- 
ditions, we report fully-transient numerical simu- 
lations of the heat-pipe process near a cylindrical heat 
source, to verify the accuracy of the assumptions made 
for the semianalytical solution and to put the semi- 
analytical steady state solution in context. 

THEORETICAL FORMULATION 

Present design considerations assume nuclear 
wastes to be packaged in cylindrical canisters of about 
4.5 m length and 0.5 m diameter [IO]. This shape gives 
rise to a two-dimensional cylindrically symmetric heat 
flow pattern around each canister. To simplify the 
analysis, we eliminate end effects by considering a heat 
source as an infinitely long string of cylindrical waste 
packages. Further, by neglecting gravity effects and 
assuming that boundary conditions depend only on 
radial distance r from the symmetry axis, fluid and 
heat flow will possess one-dimensional radial sym- 
metry. The condition under which gravity effects can 
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be neglected is discussed in the Appendix. For time- 

independent boundary conditions, the system will 

attain a steady state. 
Under steady state conditions, three domains with 

different heat-transfer mechanisms are presumed to 
exist in the porous medium around the heat source 
(see Fig. 1). Beyond some distance rb the influence of 
the heat source is not felt and the system is undis- 
turbed. The outermost domain of the disturbed zone 
is a liquid water/air domain. Temperatures are below 
the saturation temperature so little evaporation 
occurs, leaving gas-phase pressures nearly uniform, 
resulting in little mass flow and conduction-domi- 
nated heat flow. The middle domain is a two-phase 
liquid/vapor zone at the saturation temperature, the 
heat-pipe region, where heat flow is primarily con- 
vective. Air is purged from this region by the vapor 
flow away from the heat source. The innermost 
domain is a vapor zone in which little mass flow occurs 
and heat flow is conduction dominated. The present 
approach is to start at rb and work inward to deter- 
mine the conditions near the canister, specifically 
whether the inner vapor zone is present. The variables 
used to describe the state of the system are gas- 
phase pressure P, temperature T, air partial pressure 
P,, and liquid saturation S,. It is also convenient to 
define a scaled liquid saturation S, given by S = 
(S,-S,,)/(S,,-S,,), where S,, is the irreducible liquid 
saturation, and S,, is the saturation at which liquid 

relative permeability becomes equal to 1. 
The pressure, temperature, and saturation con- 

ditions are assumed fixed at a radial distance of rb. 
These boundary conditions are denoted P,, T,, and 
&,, respectively. The specification of P, and T, fixes 
Pab, air partial pressure at rb, through the saturation 
curve. The scaled liquid saturation at the boundary is 
given by S, = (S,,-S,,)/(S,,-S,,). A constant heat 
source of strength Q is prescribed at the waste canister 
radius r,. For steady state conditions and radial 
geometry this leads to a heat flux given by 
q(r) = Q/2m for all radial distances r. 

Outer conduction zone 
In the outer conduction zone (see Fig. 1) total pres- 

sure and saturation are assumed to be equal to the 
boundary values. Heat flow is primarily conductive, 
so that the temperature at a distance r can be approxi- 
mately expressed as 

T(r) = T,, + & In 2 
b 0 r 

where Kb is the thermal conductivity of the medium at 
a saturation S,,. The saturation dependence of thermal 
conductivity for geologic media has been studied by 
Somerton et al. [ll, 121. The gas phase in the outer 
conduction zone is a mixture of air and vapor. Air 
partial pressure is 

P, = P,-P, (2) 

with vapor pressure P, given by the Kelvin equation 

P,(T,S) = PdT)*exp 
pca,w 

p,R(T+273.15) > (3) 

where P,,, is saturation pressure, Pcap is capillary pres- 
sure (negative), p, is liquid density, and R is the gas 
constant for water. For weak or moderate capillary 
pressures, vapor pressure lowering effects are small, 
and the exponential factor can be replaced by I. (A 
1% lowering of vapor pressure requires a capillary 
pressure of about Pcap = - 13 bar.) 

Equation (1) shows that T steadily increases as r 
decreases; equation (3) indicates a corresponding 
increase in P,, while a concurrent decrease in P, fol- 
lows from equation (2). When P, becomes equal to the 
total pressure P, (and P, = 0), heat-pipe conditions 
develop. The temperature T, at which this occurs can 
be obtained implicitly from equation (3) 

Psa,Vo)*ex~ 
pcap (Sb 1 

p,R(T,+273.15) > 
= P,. (4) 

The outer boundary of the heat pipe, rO, can be 
obtained by solving equation (1) for T(r,) = T,,. At 
rO, we have P, = Pb, P,, = 0, and S, = S,. The vari- 
ation of saturation with radial distance between r0 
and the inner boundary of the heat pipe, ri, is derived 
in the Appendix. The parameter r, is determined from 
the condition S, = S(rJ = 0. 

Inner conduction zone 
If ri < r, then two-phase conditions extend all the 

way to the heat source, and the inner conduction zone 
is absent. If r, > rC then a single-phase vapor zone, in 
which heat transfer is conduction dominated, 
develops around the heat source. The value of T, can 
then be calculated from 

T, = T, + & 
” 

where T, is the temperature at the inner boundary of 
the heat pipe, and K, is the thermal conductivity of 
the vapor-saturated porous medium. Because K, is 
small, and Q can be large, T, can be much higher 
than T,. As well as causing a large increase in T,, the 
formation of a vapor zone around the heat source 
inhibits chemical reactions that are facilitated by the 
presence of liquid water, such as corrosion of the 
canister. 

Heat-pipe region 
Fluid and heat flow in the heat-pipe region are 

considered in the Appendix. By integrating equation 
(A15), the saturation profile along the heat pipe can 
be obtained as an implicit function of radius 

(6) 
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Equation (6) is of the same form as Udell’s equation 
(24) [8] for linear geometry. For moderate heat flux, 
temperature variations along the heat pipe are small, 
and the integrand in equation (6) is primarily a func- 
tion of S. It can be integrated numerically for given 
capillary pressure and relative permeability functions. 
In the examples below we have integrated equation 
(6) using the cautious adaptive romberg extrapolation 
(CADRE) numerical integration algorithm [13]. The 
inner boundary of the heat pipe, r,, can be found by 
integrating equation (6) to S(r,) = 0 

w6(r,) = ,rr,dS = -I//(/?, S,). (7) 

i- + k 

n cl 

The function $(j, S,), which governs total heat-pipe 
length is shown in Fig. 2 for the Pcapr k,,, and k,, 

functions given in Table 3, case A and several values 
of &,. Substituting the definitions for o and S into 
equation (7) yields r, : 

where h,, is the latent heat of evaporation of water, 
P,,, is a (negative) reference capillary pressure, k is 
intrinsic permeability, and v, is vapor kinematic vis- 

cosity. 
The pressure profile in the heat pipe can be similarly 

obtained by noting that 

dP, 

dP, dr 

dS dS dd _._ 
dfi dr 

(9) 
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FIG. 2. The function $(/I, S,) for a range of temperatures and 
saturation boundary conditions, calculated using charac- 
teristic curves given in Table 3, case A. The values of S,, are 
calculated from S,, = S,(S,,- S,,) + S,,, with S,, = 0.15 and 

s,, = 1.0. 

and using equation (Al 5) for dS/dh, equation (A2) for 
dP,/dr, and differentiating equation (Al 1) to obtain 
dd/dr. Finally, equation (3) can be solved implicitly 
to obtain temperatures from pressures. 

The condition under which the vicinity of the heat 
source will dry up is r, < r,. From equations (1) and 
(8) this can be written, neglecting vapor pressure low- 
ering, as 

exp 
$h,,P,& 

&(Tsa,(Pb)- Th) - ~ 
v, 

<:. (10) 

Because T,,,(P,) > T,, and PC0 < 0, both terms in the 
exponential function are positive. It is seen that ful- 
fillment of inequality (lo), i.e. dry-up of the heat 
source, is facilitated by large heat flux Q and small 
permeability k. 

COMPARISON WITH LINEAR GEOMETRY 

CASE 

For the linear geometry case with S, = 1, Udell [8] 
obtains an expression for the length of the heat pipe 
x0 given by 

x 
0 

= -tiLK l)h,P,ok 
P” . 

(11) 

Taking the heat flux q in the radial flow case at the 
inner end of the heat pipe, q = Q/2rrr,, equation (8) 
can be written as 

y, = y, e-‘0:‘,, 

The heat-pipe length is 

Ar = r, -r, = r,(exn”a - 1). 

Expanding the exponential, this becomes 

(12) 

(13) 

(14) 

showing that heat-pipe length in radial geometry can 
be substantially larger than in linear geometry. For 
heat pipes far removed from the canister (r, large) or 
short heat pipes (x0 small), (x,/r,) -+ 0, linear 
geometry is being approached, and therefore Ar + x0. 

EXAMPLES 

We have applied the above formulation to calculate 
steady state thermo-hydrologic conditions near a cyl- 
indrical heat source emplaced in a partially saturated 
porous medium for a variety of problem parameters 
(see Tables l-3). The heat source radius and strength 
are r, = 0.2 m and Q = 500 W m-‘, respectively. At 
the outer boundary rb = 10 m, ambient conditions of 
T,, = 26”C, P,, = 1 bar, and Sib = 0.8 prevail. In cases 
A-C permeability and porosity are 10 ” m2 and 0.4, 
respectively, which represents a laboratory sand pack. 
In cases D-F we take k = 32.6 x lo- ” mz and 
4 = 0.108, as has been suggested for Yucca Mountain 
tuffs [lo]. From equation (7) we see that the length of 
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Table 1. Material properties (at T = 101 “C) 1.0 

p = 0.0142 

v, = 18.9x IO-“m’s_’ K b = 1.07 W m-l “C-’ 

h,,=2.257x106Jkgm’ K,=0.582Wm-‘“C 

tr = 0.05878 N mm’ 0.6 

Table 2. Boundary conditions 

Atr, = IOm S,, = 0.8 

P, = 1 bar 

T, = 26°C 

At r, = 0.2 m Q=500Wm-’ 

FIG. 3. Relative permeability curves for cases A-C. 

the heat pipe depends strongly on the relative per- 
meability functions, k,, and k,,, so the different cases 
examine the effect of various functional forms for 

relative permeability. The relative permeability curves 
for cases A-C are shown in Fig. 3, while those for cases 
D-F are shown in Fig. 4. The resulting saturation, 
pressure, temperature, and composition profiles are 
given in Figs. 5-8; for convenience we have plotted 
air mole fraction Y = Pa/P rather than partial pres- 
sure Pa. 

The characteristic curves for case A have been used 
for laboratory studies using packed sand cores [8, 14 
161. Case B uses the same capillary pressure function, 
but a linear rather than cubic saturation dependence 
for relative permeabilities, as has been suggested by 
other workers [5, 71. The effect of using either cubic 
or linear relative permeability curves is clearly seen by 
comparing Figs. 5 and 6. In Fig. 5 (case A, cubic 
relative permeabilities) the heat pipe is short enough 

100 

XL 

1 o-2 

10-e 

’ ’ ’ ’ ’ ’ ’ ’ 
0.0 0.2 0.4 0.6 0.8 1.0 

FIG. 4. Relative permeability curves for cases D-F. 
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se 

Table 3. Characteristic curves for relative permeability and capillary pressure dependence on saturation 

Case 

At 

B 

Capillary pressure 

pq = P&f 
PC0 = - a(q5lk)“’ 
f =a(l-S)+b(l-S)2+c(l-S)3 
a = 1.417, b = -2.12, c = 1.263 

Same as A 

C Same as A 

Dt 

E 

PC,, = Pcof 
PC0 = - 13.93 bar 
f = (s-““_1)‘-” 

Same as D 

F Same as D 

- 
Relative permeability 

k,, = S’ 
k,, = (1 -S)’ 
S,, = 0.15, S,, = 1.0 

k,, = S 
k,,= 1-S 
S,, = 0.2, S,, = 0.895 

k,, = S’ 
k,, = a+bSfcS2 

a = 1.259, b = - 1.7615, c = 0.5089 
S,, = 0.2, S,, = 0.895 

k,, = JS[l-(I-S”“)“]’ 
k,, = 1 -k,, 
S,, = 9.6 x 10m4, S,, = 1.0,1 = 0.45 

k,, = ,/S[l-(I-S”“)“12 
k,, = 3067 
S,, =9.6x 10-4, S,, = 1.0, 1 = 0.45 

k,, = 90.65 
k,, = 2976 

t After Udell (81. 1 After Hayden et a[. [lo]. 
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FIG. 5. Analytical solution for scaled-saturation, pressure, 
temperature, and air-mole-fraction profiles, for case A. The 

temperature at the canister, T,, is 225°C. 
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FIG. 6. Analytical solution for scaled-saturation, pressure, 
temperature, and air-mole-fraction profiles for cases B and 

C, where Q = 500 W m-l 
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FIG. 7. Analytical solution for scaled-saturation, pressure, 
temperature, and air-mole-fraction profiles for cases B and 

C,whenQ= 1750Wm-‘. 
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FIG. 8. Analytical solution for scaled-saturation, pressure, 
temperature, and air-mole-fraction profiles for cases D-F. 

so that a vapor zone forms around the canister, lead- 

ing to high temperatures at the canister. In Fig. 6 (case 
B, linear relative permeabilities) the saturation decline 
towards the canister is more gradual, yielding a longer 
heat pipe. At the canister radius, there is still liquid 
present, so temperature remains near the saturation 
temperature. The effect of relative permeability func- 
tions can be predicted qualitatively by examining 
equation (7) and the relative permeability curves for 
cases A and B (Fig. 3). The cubic relative per- 

meabilities (case A) are smaller than the linear ones 
(case B) over the entire range of liquid saturation 
where both phases are mobile. Thus the denominator 
of the integrand in equation (7) is consistently bigger 
for the cubic functions, leading to a smaller value of 
$, and consequently a shorter heat pipe. 

The relative permeability curves of cases A and B 
are commonly used in the petroleum literature, but 
their applicability to two-phase water flow is less well 
established. Case C uses relative permeabilities as 
measured in laboratory experiments on liquid-vapor 
water flow [17]. The saturation profile for case C is 
similar to that for case B (Fig. 6); liquid saturation 
remains large and no vapor zone forms at the canister. 
A careful examination of equation (7) and Fig. 3 
shows why this is so. The magnitude of the integrand 
in equation (7) is dominated by the smaller of the two 
relative permeabilities. Figure 3 shows that for large 
liquid saturations, vapor relative permeability is 
smaller and therefore the controlling factor in equa- 
tion (7). Further, k,, values for cases B and C are 
similar for large S,, and much larger than k,, for case 
A. Thus the saturation profiles for cases B and C are 
similar to each other (Fig. 6) but different from that 
for case A (Fig. 5). 

For small liquid saturations, k,, is smaller than k,,, 
so k,, becomes the controlling factor in equation (7). 
Since the k,, curves are different for cases B and C, 
one would expect the resulting saturation profiles to 
differ for small values of S. Figure 7 shows the heat- 
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pipe conditions for cases B and C with a larger heat 
flux, Q = 1750 W m -‘. As predicted, the saturation 
profiles diverge significantly only when 5’ becomes 

small. 
Case D uses characteristic curves [18] that have 

been suggested for the rock matrix of the candidate 
nuclear waste repository site at Yucca Mountain, 
Nevada [9, lo]. The saturation and temperature pro- 
files (Fig. 8) show that the heat pipe is extremely short 
and there is no isothermal two-phase zone separating 
the inner and outer conduction zones. This result is 
supported by equation (8), which shows that heat- 
pipe length depends exponentially on absolute per- 
meability k, which is much smaller for case D 
(32.6x IO-‘” m’) than for cases A-C (lo-” m’). It 
should be pointed out that the potential repository 
horizon at Yucca Mountain is highly fractured [IO], 
and the case D parameters neglecting fracture effects 

are considered unrealistic 
For the important case of a fractured-porous 

medium, Pruess et al. [9] developed an effective con- 
tinuum approximation, in which rock matrix and frac- 
tures are assumed to be in (approximate) ther- 
modynamic equilibrium locally. Under conditions 
where this approximation is applicable, discussed in 
ref. [9], it is not necessary to explicitly consider ‘inter- 
porosity’ flow between matrix and fractures. Fluid 
and heat flow can be approximately described as 
occurring in a single porous continuum with effective 
hydrologic properties. Essentially, fracture effects are 
represented by suitably modified relative permeability 
functions. Effects of large fracture permeabilities are 
approximated by allowing relative permeability to 
become large. Following Pruess et al. [9] we have 
considered two effective continuum cases, E and F, 
which differ with respect to assumed liquid-phase 
mobility in the fractures. Case E makes the con- 
ventional assumption that at ambient conditions of 
S,,, = 80%, corresponding to a capillary pressure of 
Pcap = - 10.92 bar, the fractures are drained of liquid 
so that the large fracture permeability is available only 
for gas-phase flow. Fracture flow effects can then be 
simply represented by assigning a large constant rela- 
tive permeability k,, = k,/k to the gas phase, where 
kf is average fracture permeability in the continuum 
sense. For an assumed k, = IO-l3 m*, we have 
k,, = 3067 (see Table 3 and ref. [9]). Alternatively it 
appears possible that a finite liquid-phase mobility 
may be present in fractures the bulk volume of which 
has been drained, because of liquid held on the frac- 
ture surfaces by phase adsorption forces, or by capil- 
lary effects from surface roughness. Case F uses the 
relative permeability parameters proposed by Pruess 
et al. [9] to represent mobility of both gas and liquid 
phases in the fractures. Figure 8 compares the effective 
continuum calculations with the results for the unfrac- 
tured case (case D), and shows that allowance for 
gas flow in the fractures (case E) causes a moderate 
increase in heat-pipe length, whereas additional allow- 
ance for liquid flow in the fractures (case F) gives 

Table 4. Non-dimensional heat flux o for each 
case; values of w > 1 signify that gravity 

effects are small 

Case Q w 

A h C 500 
B, C 1750 
Q E 500 
F 500 

t k,, * k used instead of k. 

0.2 
0.7 

641.0 
7.1t 

dramatic effects. In the latter case the heat pipe 
extends all the way to the heat source. With no dried 
conductive zone present, temperatures remain con- 
strained near 100°C. For case F the constant relative 
permeabilities allow direct integration of equation (7) 

&@,) = f(&-f(O) 
1 .B. 

(15) 

k+k 
TY rl 

Table 4 shows the values of w for each case, to 
illustrate the importance of gravity effects. For the 
high-permeability cases A-C, w < 1, so gravity effects 
may be important. The present analysis is therefore 
only valid for horizontal flow, i.e. for emplacement 
conditions where the axis of the cylindrical canister is 
vertical, and where host formation permeability is 
significantly smaller in the vertical than in the hori- 

zontal direction. In contrast, for cases D-F, w > 1 so 
the present analysis neglecting gravity can be applied 
to all flow directions. 

COMPARISON WITH NUMERICAL 

SIMULATIONS 

The numerical model TOUGH [19, 201 has been 
used to study the transient development of heat pipes, 
and to examine the assumptions made for the ana- 
lytical solutions presented above for the steady state. 
TOUGH (transport of unsaturated groundwater and 
heat) calculates the two-phase flow of air and water 
in gaseous and liquid phases together with heat flow 
in a fully coupled way. The governing equations 
account for gaseous diffusion and Darcy flow with 
relative permeability and capillary pressure effects. 
Vaporization and condensation with latent heat 
effects along with conductive and convective heat flow 
are included in the energy balance. Water, air, and 
rock are assumed to be in local thermodynamic equi- 
librium at all times. The flow domain can include 
liquid, gaseous, and two-phase regions. Material 
properties vary with temperature and pressure in a 
realistic way. TOUGH uses an integral finite differ- 
ence method that is applicable for one-, two-, or three- 
dimensional flow problems in porous or fractured 
porous media. The governing mass- and energy-bal- 
ance equations are strongly nonlinear and are solved 
completely simultaneously, using Newton-Raphson 
iteration. 
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A one-dimensional radial calculational mesh with 
50 elements is used to calculate S(r), P(r), P,(r), and 
T(r) around a heat source for case A (see Tables l- 

3). The parameters in the left-hand column of Table 1 
vary with temperature in TOUGH, but are considered 
constants for the analytical solution. Because the heat 
pipe is nearly isothermal, this difference is not sig- 
nificant [21]. Further, because the analytical solution 
does not consider air in the heat-pipe region, we set 
the coefficient of binary diffusion to zero in the simu- 
lations. The two innermost elements of the mesh, 
0 < r < 0.2 m, include the heat source, with strength 
Q = 500 W m-l. The mesh has a spacing of dr = 
0.1 m where heat-pipe effects are expected (0.24 m), 
and dr = 0.6 m for the outer conduction zone (4- 
10 m). Initial conditions are everywhere equal to P,, 
Tb, and &. 

A calculation to steady state takes 300 time steps 
and requires 2.7 min of CPU time on a Cray X-MP. 
Figure 9 shows the transient development of the heat 
pipe, with the analytical solution superimposed on the 
final frame, which shows steady state conditions. The 
agreement is good. In the numerical simulation liquid 
saturation shows some variation in the outer con- 
duction region, suggesting a weak heat-pipe (liquid- 
vapor counterflow) process in the region with T < 
T,,,(P,). However, the good agreement of the numeri- 
cal and analytical temperature profiles indicates that 
conduction is the dominant heat-transfer mecha- 
nism. The small temperature variation in the heat- 

pipe region justifies the neglect of conduction there, 
whereas the linear temperature profile in the inner 
conduction zone validates the conduction-only as- 
sumption made for that region. 

The assumption of constant saturation in the outer 
conduction region results in a difference of about 0.1 
between the analytical and simulated values of S at 
rO. This difference is the source of the discrepancy 
between the analytical and simulated pressure profiles 
in the heat-pipe region, and the slight difference in 
saturation profiles for S > 0.2. If the analytical satu- 
ration at r. is arbitrarily set to match the numerically 
simulated value there, then the analytical pressure 
profile matches the simulated one closely, and the 
analytical and simulated saturation profiles for 
S > 0.2 agree well. By using a finer mesh, the numeri- 
cally simulated saturation profile matches the ana- 
lytical one closely for S < 0.2, near r,. Figure 10 shows 
the analytical solution and the numerically simulated 
results for a mesh with 132 elements, with finest res- 
olution, dr = 0.01 m, around r,. This simulation 
would be expensive if it began with uniform initial 
conditions as the previous simulation did; instead it 
begins with the final conditions simulated by the 50 
element mesh. This progression from coarse to fine 
calculational mesh provides an efficient way to use 
numerical models to study analytical solutions. Also 
shown in Fig. 10 are the results of a simulation includ- 
ing binary diffusion. Departures from the no-binary- 
diffusion simulation are small, and limited to the vicin- 
ity of r,. 
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FIG. 10. Steady state profiles simulated numerically using a 
fine mesh, compared with the analytical solution. Profiles for 

a simulation including binary diffusion are also shown. 

For the linear geometry case the treatment is 

similar, and an equally good match was found 
between the numerically simulated results [20,21] and 
the analytical solution [8, 221. The linear-geometry 
verification is especially valuable for two reasons. 
First, laboratory experiments have been done to vali- 
date the linear-geometry analytical solution [8], thus 
providing experimental validation of the numerical 
model, making it a more reliable check of the radial- 
geometry solution. Second, extensions of the linear- 
geometry analytical solution have been developed [22, 
231 that include conduction and gas-phase diffusion as 
well as convection and phase change. These solutions 
verify the existence of distinct conduction- and con- 
vection-dominated zones, as postulated for the pre- 
sent work, and show the range of conditions for which 
this assumption is valid. 

CONCLUSIONS 

Under steady state conditions three domains may 
exist around a cylindrical heat source emplaced in a 
partially saturated geological medium : a vapor-phase 
inner conduction zone, a two-phase heat-pipe region, 
and a liquid water/air outer conduction zone. A heu- 
ristic model of mass and energy transport has been 
used to develop approximate analytical solutions for 
pressure, temperature, and liquid saturation profiles 
around the heat source. The accuracy of these solu- 
tions has been verified by numerical simulations. The 
solutions offer a convenient means for addressing the 
important question of whether the vicinity of the heat 
source will dry up. In addition, the semianalytical 
solution offers a convenient means for evaluating the 
accuracy of numerical simulation codes. 

The extent of the heat-pipe region can be ,much 
greater for radial geometry than for linear geometry, 
a consequence of the decrease in flow rate per unit 
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area that occurs with radial distance. Because fluxes 
diminish with radial distance, smaller pressure gradi- 
ents are needed to drive them. This leads to a smaller 
capiliary pressure gradient, resulting in a smaller satu- 
ration gradient and a longer two-phase zone. 

The characteristic curves for relative permeability 
and capillary pressure also have a strong influence on 
the extent of the heat pipe. Fractured/porous media 
provide conditions that are favorable for heat-pipe 
development, namely, large permeability in the frac- 
tures and strong capillary effects in the porous matrix. 

Future work plans include a study of the transient 
pressure, temperature, and saturation profiles that 
develop following emplacement of a heat source. 
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APPENDIX: SATURATION VARIATION IN THE 
HEAT PIPE REGION 

TO determine S(r) in the heat-pipe region r; < r < r,, we 
begin with Darcy’s law, modeled for two-phase flow 

(A21 

where the subscripts v and 1 refer to vapor and liquid phases, 
respectively, ti is mass flow rate per unit area, k is absolute 
permeability, k, is the relative permeability of each phase. 
and Y is kinematic viscosity. Liquid pressure is less than 
vapor pressure because of the addition of the (negative) 
capillary pressure, P,,, 

P, = P” + PEdP t.43) 

so we may write 

dP dP, dP cap=___!, 
dr dr dr 
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Under steady state conditions, liquid and vapor flows are 
equal in magnitude and opposite in direction 

ti,+r?& = 0. (A5) 

For nuclear waste isolation, heat fluxes are relatively small, 
so that temperature and pressure gradients in the heat-pipe 
region are also small, and conductive heat flow there can be 
neglected. As a consequence, evaporation and condensation 
take place only at the hot and cold ends, respectively, of the 
heat pipe. The convective heat flux, 4, is given by 

4 = %h,, (Ah) 

where h,, is the latent enthalpy of vaporization of the liquid. 
For linear geometry, 9 is a constant, but for radial geometry 
4 is a function of r, given by 

(A7) 

where Q is the constant heat source strength. 
Substituting equations (Al), (A2) and (A5))(A7) into 

equation (A4) gives 

Following Udell [S], we rewrite equation (A8) in non-dimen- 
sional form as 

where 

Qvv 
OJ = 2~r&hh --P,)g 

6412) 

p = ;. (Al3) 

Here PC0 is a (negative) reference pressure for a particular 
capillary pressure function, p is density, andg is gravitational 
acceleration. Equations (A9)-(A13) are identical to those for 
the linear heat pipe [8], except for the definitions of 6, where 
r0 In (t-,/r) replaces the linear coordinate x, and w, where 
Q/2ar, replaces the constant linear heat flux 4. The non- 
dimensional parameter w, giving the ratio of the vapor pres- 
sure gradient at k,, = 1 to the buoyancy pressure gradient, 
provides a measure of the importance of gravity. For linear- 
geometry studies considering top, bottom, and horizontal 
heating, Udell[8] has shown that for values ofw > 10 gravity 
is negligible. The results further suggest that gravity has only 
a modest effect for w > 1. 

Equation (A9) describes the variation of non-dimensional 
capillary pressure f with non-dimensional radial distance 6. 
Since we want an expression for the variation of saturation 
S with S, we need to write equation (A9) in terms of S. The 
relative permeabilities, k,, and k,,, and the non-dimensional 
capillary pressure, f, are all assumed to be single-valued 
(non-hysteretic) functions of S only, so df /d6 may be written 
as 

where the notation f’ = df /dS is used. Hence equation (A9) 
may be written as 

dS 
;i-8= -f’ (A151 

Equation (A15) gives the fundamental relationship between 
scaled saturation S and non-dimensional length 6 for the 
steady state of a heat pipe in one-dimensional radial 
geometry. 

SOLUTION SEMI-ANALYTIQUE POUR LES EFFETS CALODUCS PRES DES 
CONTENEURS DE DECHETS NUCLEAIRES ENFOUIS DANS UN MILIEU 

GEOLOGIQUE PARTIELLEMENT SATURE 

R&urn&Une source de chaleur intense, telle qu’un conteneur de dechets nucleaire, dans un milieu 
permeable partiellement sature peut donner lieu au dtveloppement d’un caloduc. On analyse une version 
simplifite de ce probleme qui a une solution permanente, pour une geometric radiale. La solution est 
obtenue sous forme semi-analytique et elle est comparee a la solution analogue pour un caloduc lintaire. 
Des applications diverses sont present&es pour des milieux poreux et aussi bien que poreux-fractues, avec 
differentes proprietes hydrologiques. Les paramttres determinant la longueur du caloduc et la question de 
l’asstchement au voisinage de la masse sont discutes. La solution semi-analytique est vtriflte par simulation 
numerique qui montre comment se fait l’evolution depuis les conditions initiales uniformes jusqu’a 

l’tventuel &tat stationnaire. 

EINE HALBANALYTISCHE LOSUNG FUR WARMEROHREFFEKTE IN DER NAHE 
VON HOCHRADIOAKTIVEN ABFALLBEHALTERN, EINGEBRACHT IN 

TEILWEISE GESATTIGTE GEOLOGISCHE MEDIEN 

Zusammenfassung-Das Einbringen einer starken Warmequelle, wie z. B. eines Behalters mit hoch- 
radioaktivem Abfall, in ein teilweise gesattigtes durchlassiges Medium gibt AnlaD fur die Ausbildung 
eines Warmerohres. In der vorliegenden Arbeit wird eine vereinfachte Version dieses Problems mit einer 
stationaren Losung bei radialer Geometrie analysiert. Die Losung erhllt man in halbanalytischer Form ; 
sie wird mit der analogen Losung fur ein geradliniges Warmerohr verglichen. Verschiedene Anwendungen 
werden vorgestellt-sowohl fiir porijse als such fur gebrochen poriise Medien mit verschiedenen hydro- 
logischen Eigenschaften. Die Parameter zur Bestimmung der Warmerohrllnge und die Frage, ob die 
Umgebung der Wlrmequelle austrocknet, werden erortert. Die halbanalytische Losung wird durch numer- 
ische Simulationen iiberpriift, welche die transiente Entwicklung von einheitlichen Ausgangs-Zustanden 

zu moglichen stationlren End-Zustanden zeigen. 



90 C. DOUGHTY and K. PRUESS 

l-IOJIYAHAJIkiTki9ECKOE PElIlEHkiE 3A&4W4 06 BUWEKTAX TEl-IJIOBO$i TPYEibI 
BEJIki3H KOHTEtiHEPOB C BbICOKOPA~kiOAKTHBHbIMki IIAEPHbIMki 

OTXOAAMII, 3AXOPOHEHHbIMM B =IACTWIHO HACbImEHHbIX 
lKMfiKOCTbI0 TEOJIOI-WiECKHX CPEAAX 

Ammwna-nohterrreiiiie TaKoro ~ouuioro mxowima Terma, Kaxm mnnexn xomeikiep c mcoropa- 
WOaKTtiBHblMH SUlCpHbIMH OTXOLWvtH, B ‘iaCTWiH0 HZiCl.lI4CHH)rto XCWlKOCTbK) IlpOHHI&leM)‘lO Cpea)’ IlpH- 
BOJ&HT K o6pmoeawim CBOerO pOLla TeUIOBOii Tpy6bI. B LIaHHOii pa6oTe aH&IlH3HpyeTCX ynpOUeHHblfi 
BapaaeTTaKol sanaw,KoTopaa HM~.~T crawoHapHoe petnewieann pannanbHoii reoMeTpsni Tennoeoil 
Tpy6bL PeIUeHHe nOny'!eHO B nOJtyaHaJIHTHW2KOM BWe B AaHO CpaBHeHHe C aHWIOrH',Hb,M pU,eHHeM 
ilJlll TelL'lOBOii ~py6b1 JlHHeiiHOii f#IOpMbl. nOKZXiaHId pa3JlWIHbIe npHMeHeHHS TaKOrO peLneHwn KaK IlJlK 
nOpHCTbJX, TaK H &"K TpeWiHOBaTO-nOpHCTbIX CpeA C pa3JlHnHbIMn I'WJpOJIOrHVeCKHMH CBOiiCTBaMH. 
Paccb4aTpkisaxoTcn napaMeTpbI,KoTopble onpeqennroTn_wiHyTennoBofi Tpy6b1,a TaKme nonpoc 0 TOM, 
wnineT m imowm Tenna Ha BbIcblxatnie oKpyxaIoqer0 rpyara. IIonyaHannTwrecKoe pelueHue npo- 
BepneTcn c noMornbf0 sicneknioro htonenaposawin,KoTopoe yKa3blaaeT Ha nepexon OT PaBHOMepHbIX 


